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Abstract : In this paper, we have proved the Hyers -Ulam (HU) stability of second or-
der non-linear Ordinary differential equation .. (x,t) = f(x,t, u(x,t),u,(z,t)) and the Hy-
ers -Ulam (HU) stability of second order non-linear Partial differential equation wu,(z,t) =
flz, tu(z, t), ug(x, t)).
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1 Introduction

In 1940, S. M. Ulam [17] gave a famous talk regarding the stabiliy problems for various
funcional equations. In the talk, Ulam discussed a problem concerning the stability of group
homomorphism. In 1941, Hyers [5] gave a partial solution to Ulam’s problem. In 1998, Alsina
and Ger [1] investigated the Hyers - Ulam stability of the differential equation 3’ = y. In 2002,
Takahasi et al. [16] generalized the result for ¥ = Ay. In 2009, Jung [6] proved the Hyers -
Ulam stability of linear partial differential equations of first order. Rassias [13], focused on the
stability of linear mapping in Banach spaces. H. Rezaei [14] established the HU stability of
lineae differential equation of n'" order. For more resullts on Hyers - Ulam stability and related
topics refer to [3], [4] and [7] to [10].

In 2011, Gordji et al. [2] proved the Hyers - Ulam- Rassias (HUR) stability of nonlinear
partial differential equations by using Banach contraction principle. In 2019, Sonalkar et al.
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[15] proved the HUR stability of first and third order linear partial differential equations by us-
ing Laplace Transform. Generalised HUR stability of a hyperbolic partial differential equation
were studied by N. Lungu et al. [11] .

In this paper, by using the results in [11], we proved the HU stability for the second order
non-linear ordinary differential equation

Uzz (2, 1) = f(2,t,u(z, t),uz(z,t)), 0<x<a,0<t<D, (1.1)

where a,b € (0,00), f € C([0,a] x [0,b] x B?,B) and (B, ||.||) be a real or complex Banach
space.
Also we proved the HU stability for the second order non-linear partial differential equation

Uge(,t) = f(z,t,u(@, 1), us(z,1)) 0<z<a,0<t<0. (1.2)

2 Preliminaries

In this section we present some definitions and results.
Definition 2.1 : Equation (1.1) is HU stable if 3 real constants c}, ¢} > 0 such that for any
¢ > 0 and for any solution v(z, t) of the inequality

V2o (@, 1) = f (2,8, 0(z, 1), va (2, 0))|| <€, w€[0,a],t € [0,0], 2.1

3 a solution u(x,t) of (1.1) with ||v(z, ) — u(z,t)|| < e c; and
02 (2, 1) = up(,t)]] < €c}, Vael0,a],Vtel0,b].

Remark 2.2 : A function v(x,t) is a solution to the inequality (2.1) iff 3 a continuous
function g(x,t) which depends on v(z, t) such that

D) [lg(z, t)|] < e,

i)Vael0,a,vte0,b],v(x,t) = f(x,t,v(z,t),v.(2, 1)) + g(x,1).

Definition 2.3 : Equation (1.2) is HU stable if J real constants ci’f, c;% > 0 such that for any
¢ > 0 and for any solution v(z, t) of the inequality

3 a solution u(z, t) of (1.2) with
|[v(z,t) —u(z,t)]| < ec}and
Ve (2, 1) = ug(,1)]] < €cp, Vo el0,a],Vte(0,b].

Remark 2.4 : A function v(z,?) is a solution to the inequality (2.2) iff 3 a continuous
function g(x,t) which depends on v(z, t) such that

D [lg(z, 1) < e,

i)Vael0,a,Vte(0,b],vu(x,t) = f(x,t,v(x,t),v.(x,t)) + g(z,t).

In proving main results following Gronwall type Lemma is required.
Lemma 2.5 : (see [12]) One assumes that

i)u,v,h € C(R},R,),

ii) for any ¢ > to, u(t) < h(t) + fti v(s)u(s)ds.

iii)h(t) is positive and increasing.
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Then u(t) < h(t) x exp{ft (r)dr}, for any t > .

Theorem 2.6 : If v(z,t) is a solution to the inequality (2.1) then (v, v, ) satisfies the fol-
lowing integral inequality system

||v(x,t) — 5 fo s, t, v 5,1), vs(s,1))dsdy|| < <,

vz (2, t) vm 0 t)— [ fs.t,v(s,t),vs(s,t))ds|| < ex.

Proof. If v(z,t) is a solution to the inequality
||U$x(m7t) - f(xatav(x’t)>vw($7t))|| < e
Integrating w.r.t. x we get,
Jo Nvss(s,t) — f(s,t,0(s,t), v5(s,1))||ds < [ eds.
Since
1o {vss(s,) = £(s,t,0(s,1), vs(s, ) }ds|| <[5 [[vss(s, t) = f(s,t,0(s, 1), vs(s, 1))l ds,
we get,
= || [T {vss(s,t) — f(s,t v(s t), vs(s t))}ds|| < [ eds.
[vg(2,t) — v (0,8) — [ f(s,t,0(s,1),v5(s,t))ds|| < ex.
Integrating w.r.t. x we get
Iy vy (y, t) — v, (0,¢) fo s,t,u(s, 1), vs(s, t))ds||dy < [ esds.

Since || fo {vy(y,t) — v, fo s, t,u(s, t),vs(s, t))ds}dy||
< fo ||vy(y, t) —v,(0,1) fo s, t,v(s,t),vs(s,t))ds||dy,

we get,
= || [i{vy (v, t) — vy (0,8) — [ f(s,8,0(s,t), v5(s,t))ds}dy]| < [ esds.
= ||v(z,t) — v(0,t) — {U(O,t) v(0,t)} — fo fo s, t,u(s,t), vs(s t))dsdy||
<
= [|v(z,t) = v(0,t) — [y [ f(s,t,0(s,t),v(s,t))dsdy|| < s O

Theorem 2.7 : : If v(x,t) is a solution to the inequality (2.2) then (v, v,, v;) satisfies the
following integral inequalities

l|v(x, ) — v(z,0) — v(0,) + v( 0 0) =[5 [ f(5.2,0(s, 2),v(s, 2))dsdz|| < eat,

ve(a,t) — v (0,8) — [ fs,t,0(s t) vs(s, t))ds|| < er,

||vg(2,t) — v, (2,0) fo z,z,0(x, 2), v (x, 2))dz|| < et.

Proof : If v(z, t) is a solution to the inequality
||'U;,;t($,t)—f(l',t,v(flf,t),’l)x(il?,t))H SE? (23)

Integrating w. 1. t. x we get,

Iy Nvse(s,t) = f(s,t,0(s,t), v5(s,t))||ds < [ eds.
Since

|| fox{vst(‘g?t) - f(svtvv(sat)’US(Svt»}dSH S f(]x ||U8t(37t) - f(satvU(S’t)77j8(87t))||d37
we get,

= || [y {vs(s,t) — f(s,t,0(s,t),v5(s, 1)) }ds|| < [ eds.

= [|ue(z, t) —v(0,8) = [ f(s,t,0(s,1),05(s,t))ds|| < ex.

Integrating w. . t. twe get,

f0t||vz(x,z) — — J3 f(s,2,0(s,2), v(s, 2))ds||dz < fo exdz.
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Since

||f0t{vz(x,z —,(0, 2) fo s, 2,0(s,2),v(s, 2))ds}dz||

< fot |v:(z, 2) —0:(0,2) — [5 f(s,2,0(s, 2),vs(s, 2))ds||dz,

we get,

= || fo{va (2, 2) — — 5 f(s,z,0(s, 2), ’US(S z))ds}dzH < [ exdz.

= ||v(z, 1) —U(JE,O) (O £) +0(0,0) — [i [ £(s,2,0(s,2), vs(s, 2))dsdz|| < ext.

Integrating equation (2.3) w. r. t. ¢ we get,

Iy [ves (2, 2) = f(, 2,0(2, 2), 00(, 2))||dz < [ ed.

Since

[ fo {vas (2, 2) = f (@, 2,0, 2), vs (2, 2) b2l < fg loaa (2, 2) = f (2, 2,0(x, 2), v (2, 2)) | d2,
we get,

= || fJ{vm(x, z) - f(x 2 v(x, 2),va(w, 2)) }z|| < [y edz.

= |[ve(z,t) — fo x, z2,0(x, 2), v (x, 2))dz|| < et

3 Hyers-Ulam stability for the second order non-linear
ordinary differential equation :

In this section we prove the HU stability of second order non-linear ordinary differential
equation (1.1) .

Theorem 3.1: Assume that

i) f € C([0,a] x [0,b] x B*,B), where a,b € (0,00) .

ii)There exists Ly € C''([0, 00) x [0, 00), Ry ) such that Ly is square inegrable and

|| f(z,t, 21, 20) — f(z,t,t1,t2)|| < sz.enﬁ‘z}{Hzi —t]|}, Vo €[0,a],Vte|0,b] and
Zl,ZQ,tl,tQ € B.

iii) ¢ : (0,00) x (0,00) — (0, 00) is an increasing function.

Then (1.1) is Hyers - Ulam stable.

Proof : Let v(z,t) is a solution to the inequality

||Vzz (2, t) — f(2,t,0(x,t), v (2, 0)|| <€, Vael0al,Vte]|?.

Let u(x,t) be the unique solution to the problem

Uge (2, 1) = [, t,u(z, t), us(x, 1)),
u(0,£) = v(0,1),¥ t € [0, 1], 3.1)
u(z,0) = v(z,0),V x € [0, al.

If u(x,t) is a solution to (3.1) then (u, u,(z,t)) satisfies the following system

u(z,t) =v(0,t) + /0$ /0?/ f(s,t,u(s,t), us(s,t))dsdy,

. (3.2)
ux(x,t)zvz(o,t)—i—/ F(s,tu(s, £), ua(s, £))ds.
0
Then by using Theorem (2.6) it follows that,
x Yy 61’2
o) = 00.6) = [ [ fs.t0(s,0)0n(s,0)dsd] < - (3:3)
0 0
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and

|mum—%mw—[%@mwww$ﬁmm5m. (3.4)

Consider
Jo(z,t) —u(z, t)|] = [|Jv(z, t) —v(0,8) — [ [ fs,t,u(s,t), us(s, t))dsdy]|.

= ||lv(z, 1) —v (0,8) = Jo S (st 0(s,t), vs(s,t))dsdy
+ J5 J3 (st u(s,t), vs(s, b)) dsdy - [ [ f(s,tu(s, 1), us(s, t))dsdyl|.

< Ilv(z,t) f fy (s,t,v(s,t), vs(s t))dsdyl|

+ fy fo s, t,u(s,t),vs(s, t))dsdy— fo I3 f (st u(s, t), us(s, t))dsdyl|.
<|lo(e, ) =v(0,8) = [y [y f(s,t,0(s,1), vs(s, 1)) dsdy]|

+ o Jo (st v(s, 1), vs(s, ) — f(S t,u(s, v), us(s, t))||dsdy.

<L [0 f) Ly xemax{[[o(s, ) —u(s, B[], ||vs(s, 8) —us(s, 0)|[}dsdy.
( by using hypothesis (ii) and equation (3.3) )

By using Lemma (2.5) we get,
(@, t) — u(z, t)]| < <L x exp{ [ [V Lydsdy}.
sixmmﬁ}
< @ exp{Lf 5 “1
g € X cj, where ¢; = “2—2 X e:ch{Lf%}.
Again consider,

[va (2, 8) = wa (2, )| = [Jva (2, 1) = = Jo f(s,tuls, 1), us(s, t))ds]|.
= ||vz(z, t) vx (0,8) — [ f(s,t,u(s t) s(s,t))ds
+ Jo f(s.t,u(s, t), vs(s t)ds — [ fs,t,u(s, ), us(s, t))ds||.
< |Jvg(m, t) — [ f(s,tu(s t) "US(S t))dsl|

+| Jo f(s, t v( t) vs(s,t)) ds—fo s, tu(s,t), us(s, t))ds||.

S €r + fox ||f(57t,1)(5,t), US(‘S?t)) - f(sa t,U(S, t)7u8<57t))‘|d8'
(by using theorem (2.6) )
By using hypothesis (i) we get,
va(2, 1) — s (2, 0)]| < ex
+ fox Ly x maz{||v(s,t) — u(s, t)|],||vs(s, t) — us(s, t)|| }ds.

By using Lemma (2.5) we get,

|[vg(,8) — ug(,t)|| < ex x exp{ [y Lyds}.
<exr x exp{L; z}.
<ea x exp{Ly a}.
<exc, wherec} =a x erp{La}.

Hence equation (1.1) is Hyers-Ulam stable.
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4 Hyers-Ulam stability for the second order non-linear par-
tial differential equation :

In this section we prove the HU stability of second order non-linear ordinary differential equa-
tion (1.2) .

Theorem 4.1 : Assume that

i) f € C([0,a] x [0,b] x B*,B), where a,b € (0, 00).

ii) There exists L; € C*(]0,00) X [0, 00), R.) such that L is square inegrable and
||f(ZL‘, t, 21, ZQ) — f(lL', t,t, t2)|| < szenzié}{sz - tzH},\V/ T € [07 (l],V t e [0, b] and
21, 22,101,120 € B.

iii) ¢ : (0,00) x (0,00) — (0, 00) is an increasing function.

Then (1.2) is Hyers - Ulam stable.

Proof : Let v(z, ) is a solution to the inequality

llvge(z,t) — fx,t,v(x,t),v.(x, )] <€, Vael0a],Vte]0,Dbl.

Let u(z,t) be the unique solution to the problem

g (z,t) = flx, t,u(x, t), ug(z,t)),
w(0,t) = v(0,4),Y t € [0, 0], (@.1)
w(z,0) = v(x,0),V z € 0,a].

If u(z,t) is a solution to equation (4.1) then (u, u,(x,t), u,(x,t)) satisfies the following
system

u(z,t) = v(x,0) + v(0,t) — v(0,0) / / f(s,z,u(s, 2),us(s, z))dsdz,
u(z,t) = vy(0, 1) —i—/o f(s,t,u(s,t),us(s, t))ds, 4.2)

uz(x,t) = v,(,0) +/0 flz, z,u(z, 2), uy(z, 2))dz.

Then by using Theorem (2.7) it follows that,

Hv(m,t) —v(z,0) —v(0,t) + v(0,0) — /t /x f(s,z,0(s, z),vs(s,z))dsdzH < ext, (4.3)
0o Jo

and .
0a( ) — v3(2,0) / P, 2 0(z, 2), va (2, 2))dz|| < et. 4.4)
0

Using equation (4.2) we get,
lo(2,t) = u(z, )] = [jo(z,t) — (%‘ 0) —v(0,%) +v(0,0)
— ST f (s, 2, u(s, 2), us(s, 2))dsdz]|.

= |[v(z,t)—v(z, 0) v(0,)+v(0,0) - [ fo s, 2,0(8,2),vs(s, 2))dsdz
T F (s, 20(s, 2), 0s(s, 2))dsdz— [y [ f(s,2,u(s, 2), us(s, 2))dsdz|].

< |lv(e,t)— (a: 0)—v(0, £)+v(0,0)— [ [ f(s, 2, v(s, 2), vs(s, 2))dsdz|]
HT ST (802,08, 2),v(s, 2))dsdz— [ [ f(s, 2,u(s, 2), us(s, 2))dsdz]|.
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< ||v(z,t)—v(z,0)—v(0,%)+v(0,0) fo Iy f(s,2,0(s, 2),vs(s, 2))dsdz||
—|—fg fox | f(s,2,0(8,2),vs(s,2)) — f(s,2z,u(s, 2),us(s, 2))||dsdz.

< ext

—I—fot fox {fomaa:[Hv(s,z)—u(s, 2|, ||vs(s, 2)—us(s, z)||] }dsdz,
(By using equation (4.3)).

By using Lemma (2.5) we get,
(@, t) — u(x,t)|| < et x exp{ [ [ Lydsdz}.

< ext x exp{Ls xt}.

< eab x exp{Ly ab}.
[v(z,t) —u(z,t)|] < exc}, where ¢} = ab x exp{L; ab}.
Again by using equation (4.2) we get

vz (2, t) — ug(z, t)|| = ||va(2, t) — fo x, z,u(z, 2), uy(z, 2))dz||.
= Hvx( t) — vx 2,0) = [7 fx, z,0(x, 2), v, (2, 2))dz

—i—fo v(z, 2),v.(x, 2))dz — fo x, z,u(x, 2), u.(x, 2))dz||.
< ||ve(z, t) fo x, z,v(x, 2), v (x, 2))dz||

—i—||f0 x, 2, 0( z),vm(x, z)) dz—fo flz, z,ulx, 2), ug(x, 2))dz|]|.

< ||va(z,t) — va(x, 0) fo x, z,0(x, 2), v (x, 2))dz||
—|—f0 ||{f z,z,0(x, 2),v,(2, 2)) — f(x,z,u(:c,z),uw(x,Z))}dZH-

vz (2,t) — up(z,t)|| < et

+ fot {Lf X max[||v(m, z) —u(z, 2)|], ||ve (2, 2) — ug(z, Z)H] }dz,
( By using equation (4.4) and hypothesis (ii)).

By using Lemma (2.5) we get,
[l (2,t) — ugp(z, t)|] < et X exp{fot Lsdz}.

< et x exp{Ly t}.

< eb x exp{Ly b}.
[ve (2, — ua(2,t)|] < € x ¢}, where ¢; = b x exp{Ly b}.
Hence equation (1.2) is Hyers-Ulam stable.

5 Conclusion

In this paper, we have proved the HU stability of second order non-linear ordinary and partial
differential equations (1.1) and (1.2) respectively by emplyoing Gronwall type Lemma.
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